Abstract. This paper shows that a multiple translative convex tiles in the plane must be a multiple lattice tile.
2.Preparations
To prove theorem 1,we need the following known results. [7] ) P is a k−fold translative tile for some positive integer k, then P is a centrally symmetric polytope with centrally facets. Lemma 3. (Mihail N.Kolountzakis [6] ) Suppose that P + X is a multiple translative tile,where X is a multiset in the plane. If P is not a parallelogram, then X is a finite union of two-dimensional lattices.
Lemma 2. (Gravin,Robins and Shiryaev
Lemma 4 (Bolle [5] ). A convex polygon is a k fold lattice tile for a lattice Λ and some positive integer k if and only if the following conditions are satisfied: 1. It is centrally symmetric. 2. When it is centered at the origin, in the relative interior of each edge G there is a point of By slightly modifying the method used in U.Bolle [5] ,we can get more information about the structure of a multiple translative tiling. Without specific statement,we assume that P + X is a k−fold translative tiling in the plane for some positive integer k.
Definition 1 (U.Bolle [5] ). Suppose that P is a centrally symmetric convex polygon, and X is a discrete multi-subset of E 2 . Let L(e) be the straight line containing e,where e is an edge of P + x and x ∈ X.
A point p ∈ L(e) is called a normal point if there is an ε > 0 with (B ε (p)\L(e)) ∩ (
where B ε (p) denotes the open circular disc with center p and radius ε. Since X is a discrete multi-subset in E 2 ,one can deduce that almost all points of L(e) are normal and the non-normal point forms a discrete set.
For normal points we define two functions n i (i = 1, 2) by N i (p) = {x|x ∈ X and x + P ⊆ cl{H i } and p ∈ x + ∂P } (1)
where H i (i = 1, 2) are the two half-planes defined by L(e).
In fact,n 1 (p) = n 2 (p) for all normal points p. For, if B i = B ε (p) ∩ H i ,each point in B i is cover exactly k times, and if we cross L(e) in p from B 1 to B 2 , then we leave n 1 translates of P and enter n 2 translates of P .
By lemma 2, we can assume that P is a centrally symmetric polygon with center o and 2m edges for some positive integer m ≥ 4. Let v 1 ,v 2 ,...,v 2m be the 2m vertices of P enumerated in the counterclockwise order. Define
∈ X.Let L be the line that is determined by e i + x.Since the value of n 1 of the normal points on the line L can only change at endpoints of translates of e i . Let R be the endpoint v i + x of e i + x, let Q 1 and Q 2 be normal points of L separated by R such that there are only normal points between R and Q i .
If n 1 (Q 1 ) = n 1 (Q 2 ), then R is an endpoint of two translates of e i ,so x − e i ∈ X. If, on the other hand, n 1 (Q 1 ) = n 1 (Q 2 ),then n 2 (Q 1 ) = n 2 (Q 2 ) and R is an endpoint of a translates of e i+m . By assumption,the other endpoint R ′ of e i + x cannot belong to the same translate of e i+m . So if,without restriction, we assume n 1 (Q 1 ) > n 1 (Q 2 ),then we have n 2 (Q 1 ) < n 2 (Q 2 ), a contradiction. As a conclusion,we've proved the lemma 5.
Proof of Theorem 1
Lemma 6. Suppose that P + X is a multiple translative tiling of E 2 ,then X can represent as
where Λ i ∩ Λ j is at most one-dimensional sublattice,for any 1 ≤ i = j ≤ l.
By lemma 3,we have that
Next,we are going to show that X can rewrite as follows:
Step 1 It is easy to see that X can be written as:
where
Step
(note the value of l might be different and non-increasing.)
Step 3 Assume that dim(
After finite steps,we can rewrite X into the required form,for convenience,denote as:
Lemma 7. Suppose that P + X is a multiple translative tiling of E 2 ,and then
where Λ i ∩ Λ j is at most one-dimensional sublattice,for any 1 ≤ i = j ≤ l. Then for each j there exists some positive integer β j such that either e i or e * i belongs to Λ j /β j for any 1 ≤ i ≤ m.
Proof. Without loss of generality,we are going to show that there exists some positive integer β 1 such that either e i or e * i belongs to Λ 1 /β 1 for any 1 ≤ i ≤ m.
Step 1. Prove that p i * e i + q i * e * i ∈ Λ 1 ,where p i , q i (1 ≤ i ≤ m) are non-negative integers and can't be zero at the same time.(For other lattice Λ i ,the argument is similar to the case of Λ 1 ) By lemma 5, for each i(1 ≤ i ≤ m) and x ∈ Λ 1 + x j 1 ,either x − e i ∈ X or x − e * i ∈ X. Then we can divide the lattice Λ 1 + x j 1 into two parts A and B, where A consists of the elements of Λ 1 + x j 1 such that x − e i ∈ X and B consists of the elements of
is at most one-dimensional sublattice. And A − e 1 ⊂ X and B − e * 1 ⊂ X, therefore there must be a lattice
contains infinite elements and is two-dimensional.
So we have either
, we can also get a number ψ(ψ(j, 1), 1) by similar argument,then we can define a function ψ 1 :
Repeating the above process,we get a serial of number {a i }(a i ∈ {1, ..., l 1 })
Obviously, there exist two elements a n1 , a n2 of this serial that a n1 = a n2 ,which means there exist non-negative integers p i , q i such that
where p i , q i are not zero at same time.
Suppose that u, v are basis vectors of Λ 1 ,then we have that
It's easy to see that
So
Define I = {1 ≤ i ≤ m : q i = 0 and so e i ∈ Λ 1 /p i } and I ′ = {1, 2, ...m}\I,and define the indicator function δ I ′ . Then the above equation can be represented as follows:
where a ′ i , b ′ i are rational numbers. For convenience, we renumerate those edges {e i } i∈I ′ in original order, and denote them by e
where all entries of B are rational numbers.
By a series of linear matrix transformation , we get
is non-negative rational numbers and all entries of B ′ are rational numbers.
Next, we are going to prove that if p
We are going to prove this assertion by induction.
It is obvious that the assertion is true while l ′ = 1. Assume that the assertion is true for
Next,we are going to prove this assertion when l ′ = n. We can see the determinant of A(p
It is easy to calculate that the partial derivative of A(p
,by the assumption,which is greater than 0.It is easy to calculate that A(0, 0, ...0) = 0 or 1.
In fact, A(0, 0, ...0) = 0 when l ′ is odd,otherwise,A(0, 0, ...0) = 1. As a conclusion,we've proved the assertion.
When p
we get that q j * e * j ∈ Λ 1 for j ∈ I ′ and e i ∈ Λ 1 for each i ∈ I. When p
It is obviously that all entries of A(p 
which means e i ∈ Λ 1 /β 1 for each i ∈ I ′ . As a conclusion,we've proved that there exist β 1 such that for all 1 ≤ i ≤ m,either e i or e * i belongs to Λ 1 /β 1 . Similarly,we can prove the case for any other lattice Λ j (1 < j ≤ l),lemma 7 is proved.
According to Lemma 4, without loss of generality,since we already have that for all 1 ≤ i ≤ m,either e i or e * i belongs to Λ 1 /β 1 for some positive integer β 1 ,it is suffice to show that there is a point of 1 2 Λ 1 /β 1 in the relative interior of e i while e * i / ∈ Λ 1 /β 1 .
Lemma 8. Suppose that P + X is a multiple translative tiling of E 2 ,and
where Λ i ∩ Λ j is at most one-dimensional sublattice,for any
Then there is a point of 
Proof.
For any positive integer β that β 1 |β, Λ 1 /β still satisfies the condition that for all 1 ≤ i ≤ m,either e i or e * i belongs to Λ 1 /β. If e * i belongs to Λ 1 /β for some positive integerβ,then lemma 8 holds. If e * i does not belong to Λ 1 /β for any positive integerβ,then it is suffice to show that there is a point of And since we have that e i ∈ Λ 1 /β,we only need to show that there exist g ∈ Λ 1 /β such that g − e * i = λe i for some λ ∈ R.(without specific statement,in the following part,suppose that β 1 |β) Without loss of generality, suppose that e * 1 / ∈ Λ 1 /β for any positive integer β. Then we have e 1 ∈ Λ 1 /β for some positive integer β,which means that µ * e 1 ∈ Λ 1 for some positive rational number µ.
For convenience, we may assume that µ * e 1 and u are two basis vectors of lattice Λ 1 .Denote the line containing e 1 + x 1 1 + n * u(n ∈ Z) by L(x 1 1 , n). Since µ * e 1 ∈ Λ 1 , e 1 + x 1 1 + j * µ * e 1 + n * u for all j ∈ Z lies on the line L(x 1 1 , n),then we can choose a normal point p 1,n j in the relative interior of e 1 + x 1 1 + j * µ * e 1 + n * u for each j ∈ Z, then we have n 1 (p
j )} j∈Z ,we can find a infinite subset of Γ 1,n which its elements are contained in the same translated lattice,denote this subset by Γ ′ 1,n . and the corresponding lattice denote by Λ(Γ 1,n ),Λ(Γ 1,n ) ∈ Ω.
Without loss of generality,suppose that y 1,n j1 , y 1,n j2 ∈ Λ(Γ 1,n ) for some integers j 1 , j 2 , then we have:
which means that µ n * e 1 ∈ Λ(Γ 1,n ) for some µ n ∈ R and any n ∈ N.
According to the former results,we have that either p * e 1 or q * e * 1 belongs to Λ(Γ 1,n ) for some rational numbers p, q.
i) There exist some n ′ ∈ N, p * e 1 and q * e * 1 ∈ Λ(Γ 1,n ′ ) for some positive rational numbers p, q.(here we mean p * e 1 and q * e * 1 are lattice points of the translate of Λ(Γ 1,n ′ ) which contains o) In this case,with the condition that for each 1 ≤ i ≤ m,there exist a positive integer β such that either e i or e * i belongs to Λ(Γ 1,n ′ )/β, we can easily prove that there exist a positive integer β ′ satisfies that e * i ∈ Λ(Γ 1,n ′ )/β ′ , for each 1 ≤ i ≤ m. By lemma 4,we can deduce that P +Λ(Γ 1,n ′ )/β ′ is a multiple lattice tiling in the plane.
ii) Define W 1 = {n ∈ N : p * e 1 / ∈ Λ(Γ 1,n )for any p ∈ Q}. Next,we are going to show that if |W 1 | = ∞, then for some positive integer β there is a lattice point of Λ 1 /β in the relative interior of e 1 .
Suppose that |W 1 | = ∞, then there exist two elements n 1 , n 2 of W 1 such that Λ(Γ 1,n1 ) = Λ (Γ 1,n2 ) .
By the definition of Λ(Γ 1,n1 ), we have that µ ′ * e 1 ∈ Λ(Γ 1,n1 ) for some µ ′ ∈ R,and by the definition of W 1 , µ ′ must be a irrational number. Besides ,we also have that q * e * 1 ∈ Λ(Γ 1,n1 ) for some q ∈ Q. Without loss of generality,suppose that µ ′ * e 1 , q * e * 1 are basis vectors of Λ(Γ 1,n1 ) for some µ ′ ∈ R and q ∈ Q. By the definition of Λ(Γ 1,n1 ),suppose that y 1,n1 j1 ∈ Λ(Γ 1,n1 ) such that:
where λ 3 ∈ R.
Similarly,suppose that y
1,n2 j1
∈ Λ(Γ 1,n1 ) such that:
where λ 4 ∈ R. So
and we also have
(18) where a, b ∈ Z. Since n 1 = n 2 ,b * q can't be zero. Since u, e 1 are two linearly independent vectors, so e * 1 can be represented as the linear combination of u, e 1 : e * 1 = λ 5 * u + λ 6 * e 1 When λ 5 ∈ Q, then there is a point g in the lattice Λ 1 /β such that g − e * 1 = λ 6 * e 1 for some positive integer β,which means that for some positive integer β,there is a lattice point of Λ 1 /β in the relative interior of e 1 .
When λ 5 / ∈ Q, we have
Combined equations (17), (18),we have
Since the left side of the above equation is not zero,so the both sides of the equation is not zero,but u and e 1 is linearly independent over R, then we get a contradiction.
iii)If |W 1 | < ∞,then |N\W 1 | = ∞ and so we can find a infinite subset W 
then we can find a infinite subset of Γ 2,n which its elements are contained in the same translated lattice,denote by Γ ′ 2,n . and the corresponding lattice denote by
Similar to the argument in ii),we can define the set Since n 1 (p k+1,n j ) = n 2 (p k+1,n j ) > 0,similarly, define Γ k+1,n as follows:
(24) then we can find a infinite subset of Γ k+1,n which its elements are contained in the same translated lattice,denote by Γ ′ k+1,n . and the corresponding lattice denote by Λ(Γ k+1,n ),Λ(Γ k+1,n ) ∈ Ω.
∈ Λ(k + 1, n) for any p ∈ Q},we also have that |W
By the definitions above,since there are only finite elements of Ω,there will be two possible cases:a) |W k ′ | = ∞ for some positive integer k ′ and k
a) Without loss of generality, suppose that |W k ′ | = ∞ for some positive integers k ′ (k ≥ 2),then there exist two elements n 1 , n 2 of
. By the definition of Λ(k ′ , n 1 ), we have that µ ′ * e 1 for some µ ′ ∈ R can be see as a basis vector of Λ(k ′ , n 1 ),and by the definition of W k ′ , µ ′ must be a irrational number. Again, by the definition of W k ′ ,q * e * 1 can be seen as another basis vector of Λ(k ′ , n 1 ) for some positive rational number q. By the definition of Λ(k ′ , n 1 ),without loss of generality,we have two elements y
and y
where λ 3 , λ 4 ∈ R and some j ′ , j ′′ ∈ Z. By the above two formulations,we have that
where a, b ∈ Z. Since n 1 = n 2 ,b * q = 0. Since u, e 1 are two linearly independent vectors, so e * 1 can be represented as the linear combination of u, e 1 : e * 1 = λ 5 * u + λ 6 * e 1 When λ 5 ∈ Q, then there is a point g in the lattice Λ 1 /β such that g − e * 1 = λ 6 * e 1 which means that for some positive integer β,there is a lattice point of Λ 1 /β in the relative interior of e 1 .
When λ 5 / ∈ Q, the argument is same as the case in ii).
b)Without loss of generality, suppose that k
,and let y
for some real numbers λ 3 , λ 4 . Then we have
suppose that n 2 ∈ W ′ (k ′ ) and n 1 = n 2 , and let y 
(k ′′ − k ′ ) * e * 1 + (λ 3 − λ 4 ) * e 1 = z 1 * ((n 2 − n 1 ) * u + (λ 4 − λ 3 ) * e 1 )/h + z 2 * µ * e 1
Simplify the equation (36),we have e * 1 = q 1 * u + µ ′ * e 1 for some rational number q 1 and some real number µ ′ . As a conclusion, we've proved that there is a positive integer β such that there is a lattice point g in the lattice Λ 1 /β such that g + e * 1 = λ * e 1 for some real number λ.
Similar,we can prove there is a positive integer β j such that there is a lattice point g in the lattice Λ 1 /β j such that g + e * j = λ j * e j for some real number λ j . So, we have prove that for some positive integers β that there is a lattice point of Λ 1 /β in the interior of every edge of P .
As a conclusion of lemma 4,6,7,8,we've prove that for some positive integer β, P + Λ 1 /β is a multiple lattice tiling which means P is a multiple lattice tile in the plane.
